COMPACT EMBEDDINGS AND 
INDEFINITE SEMILINEAR ELLIPTIC PROBLEMS 



MATTHIAS SCHNEIDER 

Abstract. Our purpose is to find positive solutions u £ D 1 ' 2 (R N ) of the semilinear elliptic 
problem —Ait = h(x)u p ~ 1 for 2 < p. The function h may have an indefinite sign. Key 
ingredients are a ft-dependent concentration-compactness Lemma and a characterization 
of compact embeddings of D 1,2 (R iv ) into weighted Lebesgue spaces. 



1. Introduction 

We are interested in finding weak nonnegative solutions of Emden-Fowler type problems 

-Ait - hix)^- 1 = inl^, 

0<ueE:= D^ 2 {R N ) n L P (R N , \h\). ( } 

From now on we make the assumption: 

N > 3, p > 2 and h £ h\ oc : h + (x) := max(0, h(x)) ^ 0. (1.2) 

We denote by D 1 ' 2 (R N ) the closure of C™{R N ) with respect to the norm (J jVii| 2 )2 in L 2 * . 
Moreover, L p (£l, \h\) denotes the space of measurable functions u satisfying 

lull r„/o := / \h\ \u\ p = || Yo \h\p u US < CO. 



LP(Q,\h\) ■= J n \ h W u \ P = \\xn\h\pu\\ p p < 

E is a Banach space equipped with the norm \\u\\e '■= ||Vtt||2 + [l^llLpnRJvifti)- 
Furthermore, we assume h to be symmetric with respect to some compact subgroup G of 
O(N), the group of orthogonal linear transformations in R N , i.e. 

(g*h)(x) := = K x ) VffGG a.e. in R N . (1.3) 

We denote by Dq 2 (R n ) the subspace of D l,2 (R N ) consisting of all G-symmetric functions 
and define E G := D]?(R N ) n L P (R N , \h\). 

The basic requirements on the positive part of h, h + := max(0, h), are: 

There is a G - symmetric u G C^(R N ) : J h\u\ p > 0, (1.4) 
Dh 2 (R N ) is continuously embedded in L P (R N , h + ). (1.5) 



There have been many studies of the equation in (1.1), mostly for radially symmetric non- 



negative functions h. We shall mention among them the work of Ding and Ni M, Gidas 



and Spruck M, Kusano and Naito |10[, Noussair and Swanson [15, [Lq, [17|. 
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Tshinanga |24|] (see also [15|) proved without any symmetry assumptions for nonnegative 
functions h the existence of a solution to (1.1) if 



# h(x) < 



C 



2N -2a 



<p < 2* :-- 



2N 



for some C > 0, < a < 2. (1.6) 



(l + |x| 2 ) a ' N-2 ' ' N-2 

Noussair and Swanson |17| obtained a solution of ( |1.1| ) for nonnegative h if 

2<p<2*, 0^heL q nL°° : Kq< ' 



P 



(1.7) 



Rother [20] solved ( |l.l| ) for sign changing, radially symmetric functions h if 
h € Lj oc , ^ h + (\x\) = h(\x\) + k 2 (\x\) for some fei, k 2 € L^, 

0. 



(N-2)p-2N 

3/ € L°° : < fei(|x|) < /(x)|x| s and /(x) 



(I- 



^2 (1^1) is nonnegative and / k 2 {r)r 



2 dr < 00. 



We generalize the above results to possibly sign-changing and non-radial functions h. Weak 
solutions of fll.lD correspond to nonnegative critical points of the associated energy func- 
tional / G C 1 ^,!) n C^R) defined by 



/(«) 



1 



- / h(x)\u\ p . 



From (|1.4|) and (|1.E|) it may be concluded that 



P 



c := inf max I(j(t)) > 0, where T := {7 G C([0, 1], E G ) I 7(0) = 0, 1(7(1)) < 0}. 

7er<g[o,i] 1 

Thus the mountain pass Theorem provides a (PS) C sequence, i.e. a sequence (ii n )neN 
satisfying 



I{u n ) c, /'(u n ) -> 



as n — > 00. 



1.2 

G 



L P (R ,h + ) is compact, then every (PS) C sequence 



We shall show that if D t 

contains a convergent subsequence. Consequently we have 

Theorem fy§. Suppose ffE| j- J7^J /10W. If D^ 2 (R N ) ^ L p (R N ,h + ) is compact, then 
( \1.I\ ) has a nontrivial, nonnegative weak solution. 

Section ^ is devoted to the study of embeddings of D 1,2 (R N ) into weighted Lebesgue 
spaces, e.g. we prove 

Theorem |2.1|. Suppose k £ L, 1 is a nonnegative function and q > 2. Then D 



7.9 



compactly embedded in L q (R N ,k) if and only if the following three conditions are satisfied: 



sup p 0--t)* / k 
B p (a») 



0<p 



< OO, SUp /9 
0<p 



R^oo 



0, SUP yO 



B p (x)\B R (0) 



xi 
0<p<6 



k $=3 . 



B p {x) 



Theorem 2.1 and Theore m |4.3j generalize the above existence results for ( |1 . 1[ ) obtained in 
15| , p0| , p4| , because (|l,6j), ( |1.7| ) and (1.8) are sufficient for the compactness of the inclusion 
of D*f(R N ) in L P (R N , h + ), as it is shown in Corollary |j| and in 0, Lem. 6]. 



To deal with the non-compact case we follow the notation of Smets in [23], where the linear 
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case was considered, and define for nonnegative k G Lj oc , x £ R N and r > 0: 

a 2 'R N \B r (0)), [ k\u\ q = 



Sr,k 


:= inf / Vm 


I | u e D 


coo 
°k 


:= supS r>k = 

r>0 


lim S r k 

r— >oo 


QX 

D r,k 


:= inf / Vm 


2 | it G -D 


QX 

s k 


:= sup S* ' k = 

r>0 


lim fc 


D k 


:= inf Sf. 





;i.9) 



If D^ 2 (R N ) is embedded in L q (R N ,k), all these quantities are bounded away from zero, 
however, some may be infinite, e.g. we have 

Corollary 3.2. Suppose k £ Lj is nonnegative, q > 2 and D 1,2 (R N ) is embedded in 
l N ,k). Then 

S* = S^ = oo if and only if D^ 2 (R N ) L q (R N ,k) is compact. 
Let us introduce the compactness threshold cq, defined by 



c := 



I--) ^f \\G x \(S x h+ )^\ , 

2 pj x£U>*U{oo} I 11 > 



where \G X \ = ^{gx \ g € G} and IG^l := 1. With the help of a concentration compactness 
Lemma, given in Section ||, it is possible to show that every (PS') c -sequence contains a 
convergent subsequence if c < cq. This is done in Section || and leads to 

Theorem 1A. Suppose D 1,2 (R N ) is continuously embedded in L P (R N ,h + ) and there is an 
u £ Eg such that 



/h\u\ p > and max I(tu) < en. 
0<t<oo 



Then is solvable. 

Our approach is related to the work of Bianchi, Chabrowski and Szulkin |^, where the 
case p = 2* and h € L°° was considered. Our results for p = 2* are slight improvements of 
||, because in our setting h~ does not need to be bounded. 
Section [B] presents some examples illustrating our results, e.g. 

Corollary |5.3| . Consider the equation 

-Au = (i + |x|)- <5 M p - 2 u, o^ue D 1 ' 2 (R N )nL p (m N ,(i + \x\r 5 ). (1.10) 

(i) ftT7(\ ) has no solution u G C 2 (R N ) if2<p<2* and 5 < N — f (TV - 2). 

(ii) ftTT(\ ) has infinitely many C 2 (R N ) -solutions if2<p<2* and 5 > N - |(7V - 2). At 
least one solution is strictly positive in 



2. Compactness 

D l,2 (R N ) is embedded in L 2 (R N ) but not in L q (R N ) for any other q. However we have an 
embedding if we replace L q (R N ) by a suitable weighted Lebesgue space. Results concerning 
existence or compactness of such embeddings are obtained by Mazja [14], Adams Q, Berger 
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and Schechter [||. For q > 2 it is known (Q, 1.4.1] or [[jj), that there are positive constants 
ci(N,q), ci{N,q) such that 



ci sup < sup p y 2 > 



( 



ueD 12 \{0} \\Vu\\2 



1 



0<p \B P (x) 



k | < c 2 sup L-fP- (2.1) 

U6l> 1 ' 3 \{0} ll V-u l|2 



It is also shown in [14, 1.4.6] for q > 2: 

W h2 (B R (0)) -> L q (B R (0),k) is compact if sup p (1 ~^ )<? / fc ^0. (2.2) 



0<p<<5 B p (x)n J B ii (0) 



We give a version for all of R . 



Theorem 2.1. Lei q > 2 and k a nonnegative, measurable function. Then D 1,2 (R N ) is 
compactly embedded in L q (R N ,k) if and only if the following three conditions are satisfied: 



jfe < oo, (2.3) 



0<p B p (x) 

sup p( x -f)« f k R -=^0, (2.4) 

0<p B p (:r)\B i? (0) 

sup pd-f)* /"jfe ^0. (2.5) 

0<p<5 Bp (a:) 

Proof (sufficiency). Using ( |2.1| ) an d (|2.3[ ), we see that D l,2 (R N ) is continuously embedded 
in L q (R N , k). together with (|2.2|) show 

D 1 ' 2 ^^)) W^^BbCO)) ^ com P act L q (BR(0), k) ^ L^M^, fc) 

with compactness in the middle and where erct is understood by extending the function by 
zero outside Br(0). 

Consider the operator I R defined by Ir(u) := u ■ Tj(—), where R > 0, r\ G C 1 (R N , [0, 1]) 

it 

with r/| Bl ( ) = 1 and compact support in -B 2 (0). Then 

D 1 > 2 (R N )^D 1 ' 2 (B 2R (0)) ^ com P act L q (R N , k) 

is compact. We use again (|2.l|) to get 

i i 

jR(«))|| g < ||fc <? XlRJV\ J B jR (0)^IU 

/ r V 

sup p (1 ^ )9 / ||Vu|| 2 = o(l)||Vit|| 2 

\ 0<p flp(a:)\B fl (0) / 

as i? — > oo. Thus the inclusion of D 1,2 (R N ) in L q (R N , k) is compact as a limit of compact 
operators. □ 

Proof (necessity). Because the inclusion of D 1,2 (R N ) in L q (R N ,k) is bounded ( |2.3| ) holds. 
Let D := {u G D 1 ' 2 (R iV ) | ||Vu|| 2 < !}• The set D is relatively compact in L q (W\ k). Let 
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e > 0. The relative compactness gives rise to 

3R > : J k- \u\ q <e VueD (2.6) 

U N \B R (0) 

35 > : J k ■ \u\ q <e Vu6D, Vx G 1 W . (2.7) 

We show only (^7|): We suppose the contrary and get a sequence (x ra ,n ra ) ng N such that for 
all n G N there holds J Bi , ^ fejunl 9 > e. ( |2.6| ) implies (x„) C Br(0) and we may assume 

x n — > xo and u n — > uq in L 9 (R , fc). Consequently we have for all sufficiently large n 
Jbi (x ) ^l u o| 9 > f ; a contradiction. 

Let f2 C R N and p > 0. Consider u P:X (y) := n( ). We obtain 



J k < J k\u p , x \ q < J 



k < 

B p (x)\n B p (x)\n 



k 



u 



p,x\ 



, V ,| 9 IIV^IH 



s P (x)\a 



^p,^ | 



S p (x)\0 



I VUp }X H2 



p-V-'IIVr?!! 



and observe that 



1 — P -^—- G D. If we take B R (0) C fi, we get (O) and if we take 

|V« pa ,||2 



and < p < 5, we get (|2.5|). 

As an easy consequence of Theorem [2.1| (see |2l|| ) we obtain 



□ 



Corollary 2.2. Suppose 2 < q < 2* and k G Lj is a nonnegative function. 

Then D 1,2 {M. N ) <—> L q (R N , k) is compact if one of the following conditions is satisfied 



k 2 *-i < 00, 
3/ G L°° : /(x) 



x^O 



-> and fc(x) < /(x)|x 



(JV-2) g -2Af 



(2i 
f2.£ 



The following Theorem gives some conditions ensuring that D 1 ' 2 (W N )nL p (S. N , /i) is com- 
pactly embedded in L 9 (M^, fc). Furthermore, it leads to sufficient conditions for D 1,2 (R N ) 
to be embedded in L q (R N , k) for 1 < q < 2 (see Corollary O below). 



Theorem 2.3. Suppose min(p, 2*) > q > 1 and /i, are nonnegative measurable functions 
which satisfy 

3R > : h > almost everywhere in Slfc\i3^(0), 



and 



n fc \-Bfl(o) 



/, ( ^ ; 



2* 
2*-z 



< OO 



for some < z < q, where Sl^ '■= { x G R^ I &(:c) 7^ 0}. 

TTien D 1 ' 2 (R JV ) n L P (R N , h) is compactly embedded in L q (R N , k). 
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Proof. We follow g, Lem 2.3] and use the elementary upper bound for r > s > 0, u G R, 
fc > and h > 0: 



/,-l»r - /,|» ' < Cir. ■<)/,- ( £ 



(2.10) 



We use Theorem |2J| to see that D 1,2 (.Br(0)) is compactly embedded in L q (R N , k). If q > 2, 



we may factorize the inclusion as follows 
If g < 2, then we fix q\ between 2 and 2* and notice that 

2*-91 2* 

Hence we may write the inclusion of D 1,2 (Br(0)) in L q (R N , k) as 

JD 1,2 (Bb(0)) ^ D 1,2 (R N ) — compact L 91 (1^, fci) ' XBfl( °'> L q (R N , 
The last multiplication operator is bounded due to Holder's inequality. 



L 9 (R N , k) 



k). 



Using again Ir as in the proof of Theorem 2.1, we see 



D 1,2 (R N ) n L P (R N , h) D 1 ' 2 (B 2R (0)) — compact L q (M. N , k) 
is also compact. 

The bound in pTO]) allows to calculate for all e > and u G D 1,2 (R iV ) n L^R^, /i) with 



Vu o + I h p M „)2 = 1: 



/" fc|n| 9 = J (k\u\ q -eh\u\ p ) +e ^ 



I {k\u\ q - z - eh\u\ p - z )\u\ z + e 



k ( k\ l-l 



R N \B R (0) 

h\u\ p 



< e p-iC(p,q,z) 



n k \B R (o) 
( 



u + e 



/i|u| : 



RJV\B fl (0) 

2*-z 



< e p-qC(p, q, z) 



< e p-iC(p,q,z) 



\n k \B R (o) L 



2* \ 
2* -z 



n\\2* + e y 

K w \-Bfl(0) 



V 



7 \ — 

A; \ p-« 



+ e. 



/ 



The integral term tends to zero for — > oo. 

Hence the inclusion of L» 1 ' 2 (R iV ) n IP(R N , h) in L^R^) is compact as a limit of compact 
operators. □ 
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2* 

Corollary 2.4. Suppose 1 < q < 2* and k £ L^ ~ q is a nonnegative function. Then 
D 1,2 (M> N ) is compactly embedded in L q (K N ,k) under the following condition 

2(N-S) [ _j> , 

1 < q < p := — — and / fcj>-« sc mp - « < oo for some (5 : < (5 < 2. (2.11) 



Proo/. Z? 1 ' 2 (M iV ) is continuously embedded in U>(R N , \x\- 5 ) if (see Q below) 

< 5 < 2 andp= 2 ( N ~ S \ 
~ ~ F N-2 

Consequently ( 2.1 1] ) and Theorem [2.3| with h(x) := \x\~ s and z = implies 



D 1 ' 2 (R JV ) = £) 1,2 (R JV ) n L P (R N , \x\~ 5 ) ^ com P act ^(R^, jfc). 

□ 



3. A CONCENTRATION COMPACTNESS LEMMA 

The following Lemma, which is closely related to [23, Lem. 2.1] and |l3|, Lem. 1.1], 
analyses the possible non-compactness of an embedding of L> 1,2 (R Ar ) in L 9 (R% k) in terms 
of the quantities S% and defined in ( |1.9|) . 



Lemma 3.1. Suppose q > 2 and D 1,2 (R N ) is continuously embedded in L q (W N , k) for some 
nonnegative k S L\ . Furthermore, let (u n ) n ^ be bounded in D 1,2 (R Ar ). Up to a subse- 
quence we may assume: u n — u weakly in D 1,2 (M. N ) and additionally \Vu n — Vu| 2 — 1 jx, 
|Vn n | 2 — 51 fi, k\u n \ q — v and k\u n — u\ q — 1 i> weakly in the sense of measures, where fj,,jl 
and v are bounded nonnegative measures. Define 

Hoo := lim limsup / |VMn| 2 



R-^co n — »oo J\x\>R 

lim limsup / , 



Then 

(1) Hoc >S?l%«, 

(2) There exists an at most countable set J, a family {xj \ j € J} of distinct points in ~R N 
and a family {uj \ j G J} of positive numbers such that 

v = | xx | ^ dx + i^'^xj 

where 5 X is the Dirac measure of mass 1 concentrated at x £ 

(3) There holds 

H > |Vu| 2 tfo+y^/Xj^a;., 

where \ij > S^ 3 u 2 J q for all j € J, 

(4) limsup || k x l q u n \\\ = ||fc 1/a ti||« + Vi/j + i/ M . 
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Proof. Let {xj \ j E J} be the atoms of v and decompose v = v o + Vj8 Xj , where I'o is 

nonnegative and free of atoms. Because J dv < oo, J is at most countable. For each 
x G {xj | j G J} there is a sequence (r;)^^ of positive numbers converging to zero such that 

ox > / £fc — J 'S'fc < 00 
r '> fc - \ i S£ = 00 ' 

Let < ^ G C^°(S n (aj)) with Halloo = 1 = ^z0*0, tnen 

|2„/.2 



/2({x}) = lim p(i() l ) = lim lim / |V(u n — u)| Vz 



= lim lim [m^-umC- (because u n u rn L 

> lim < fc limsup I / k\u n — u\ q ifjf I > 
[ n-+oo \J / j 



2 1 

ZoJ 



Z— >oc 

The above calculation also shows that 



lim S*Mf) 2/q = S x k H{x}f /q - 



2/q 

WdD ) <C I \tp\ 2 dp W G C™(R N ). (3.1) 



This implies that vq is absolutely continuous with respect to p. By the Radon-Nikodym 
Theorem there is a nonnegative / G L 1 (R N , djl) such that duQ = fdfl and for /2-almost every 
x £R N 



f{x) = lim 



/ t/ (flr(s)) 
r""6 V p{B r (x)) 

If x is not an atom of p, we use (|3.1| ) to get 



/(*) 2/ « = lim f #^^1 < Clim^(5 r (x))T = 0. 



r^O I p{B r (x)) 2 ll 



r-»Q 



Because the atoms of p are at most countable and vq has no atoms, we see vq = 0. 
We use the inequality \(a — b) 2 — a 2 \ < e(a — b) 2 + c(e)b 2 to derive 



\V(u n - U )\ 2 i>f - I \Vu n Wt 

<e J \V( Un -u)\ 2 i, 2 + c{t) J |Vn|V? 
< eC + 0(6)0(1)^00. 

Letting I^oowe get that p({x}) = /i({x}). Because of the weak lower semi-continuity we 
have /u > \Vu\ 2 dx. Finally the Brezis-Lieb Lemma || implies 

k(\u n \ q - \u\ q )dx = k(\u n - u\ q )dx + o(l) n ^oo. 

Thus claims (2) and (3) are proved. 

Let R > and ip R G C 00 ^) such that ip R = in B R (0), ip R = 1 in R N \B R+1 (0) and 
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< ipR < 1 everywhere. 

J loc 



Because u n — > u in Lf we have 



/ioo = lim lim / \Vu n \ 2 \l? R 

_R^oon^oo 



> lim Sr k hm 

R^oo ' n— »oo 



lim lim / \V(u n ipR)\ 

_R-+oon-*oo J 



2/9 



To show (4) we use again the Brezis-Lieb Lemma and get 

lim limsup / k\u n \ q = lim limsup I / k\u n —u\ q (l—ipR) - 

=!>+/ k \ u \ q - 

Finally we deduce 

limsup / k\u n \ q = lim limsup I / k\u n \ q (\ — iJ)r) + I k\u n \ q ^ 

n^oo J R^oo n^oo \J J 

= ^2^j + J k\u\ q + Uoo. 



k\u\ q (l-^ R ) 



□ 



Corollary 3.2. Suppose q > 2 and k G L] nonnegative such that D 1,2 (M. N ) is continuously 



embedded in L q (M. N , k). Then 

S* k = = oo if and only if D^ 2 (R N ) L q (R N , k) is compact. 

Proof (sufficiency) . Suppose (« n )neN is bounded in D 1,2 (M. ) such that u n — 1 0. Since 
= = 00 > Lemma |3]2| shows that J" k\u n \ q — > as n — > oo. □ 



Proof (necessity) . Suppose, contrary to our claim, that S 1 ? for some x € R or S 1 ^ are 
finite. Hence there is a bounded sequence (n n ) n£ N in D 1,2 (R N ) such that 



/" fcltinl 9 = l,u n e D^ 2 (B 1/n (x)) or u n G D 



l,2/Tn>iV 



\A»(o)). 



(3.2) 



Passing to a subsequence we may assume u n — it and u n (x) — ► u(x) for almost every 
x G R^. We conclude from ( |3.2| ) that u = 0. The compactness of the embedding forces 
J k(x)\u n \ q — > as n — ► oo, contrary to (|3 . 2|) . □ 

Remark 3.3. Furthermore (see [^]), there are positive constants cs(N , q) , c±(N , q) such 
that: 



C3 



/i JV-, 

< lim sup 2 ' 

" x&R N 
0<p<6 



k 



< 



\B p (x) ) 
( 



- ----- ,(!-£) 



< lim sup p 1 - 



< 



C4 



0<p 



\S p ( 3; )\S fl (0) 



Hence condition ( |2.5| ) of Theorem 2.1 prevents point concentration whereas condition (|2T 
is related to the possible loss of mass at infinity. 
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In presence of a group symmetry we denote the length of the orbit containing x G ~ML N by 

\Gx\ ■= #{gx | g G G} and \Goo\ := 1. 

Corollary 3.4. Suppose q > 2, D l,2 (R N ) is continuously embedded in L q (R N , k) for some 
nonnegative k G Lf oc , G is a compact subgroup of O(N) and k is G-symmetric. Then 
Dq (Mr) is compactly embedded in L q (R N ,k) if 

inf {\G X \S%} = 00 . 

x£R N U{oo} 

Proof. Suppose (u n ) ne N is bounded in D£ (R N ). We may assume u n -± in Dq (R N ). 
Because D 1 ' 2 (R N ) = D G ^(R N ) © D G ^ 2 (R N ) ± we have u n -± in D^ 2 {R N ). Lemma JO 
yields, that there is an at most countable set S := {xj \ j G J} of distinct points in M. N and 
a family {i/j \ j G J} of positive numbers such that 

k\u n \ q -± V = ^ U $Xj and l Vn n| 2 M > ^ 

weakly in sense of measures S^ 3 z^ 2//|? < fij and > S 1 ^ v% q . 

Because S£° = oo we see Voo = 0. Suppose xq G S 1 7^ 0. Then the G-symmetry of the 
involved measures implies {gxo | g G G} C S and we have 



\G X0 \S^<J2^<oo. 



Thus z/q = 0; a contradiction. Hence Lemma |3.l| (4) leads to j k\u n \ q n ~^? 0. □ 



4. Palais-Smale condition 



In the remainder of this section we always assume ( |1.2| )-( |L5| ). Because of (1.5) we have 
E G = Dq 2 (R n ) n L P {R N , h~) and we may replace ||m||e g with the equivalent norm || Vit||2 + 
Hp- 



) 1/|,p u|L. We still consider the functional I : Eq — ► R defined by 



I(u) ■= i||Vn||| -^J h(x)\u\ p . 
Clearly / G C 1 (E G ,R) n C^E.R) and 

I'(u)<p= / VuVi^- / /i(x)[-u| p ~ 2 n^. 



Critical points of I correspond to weak solutions of 

-Au-h(x)\u\ p - 2 u = 0, u G Eg- (4.1) 

Lemma 4.1 (symmetric criticality) . Let (u n ) n eN be a {PS) C sequence in Eq, i.e. 

I(u n ) -> c, I'(u n ) -> in Eg.. 

T/ien l'(u n ) -^0 in E'. 

Proof. The G- symmetry of the Laplacian and of /i yield the G-symmetry of /. Consequently 
we have for g G G, u G -Eg an d v & E 

, I{u + tg*v) - I(u) I(g~ 1 u + tv) - I{g~ l u) 

1 (u)q*v = lim = hm 

v ' i t^o f 
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Let /U denote the Haar measure corresponding to the compact group G, then we have 



Hence 



sup I'(u)v = sup I'(u)v, 

MIe=i |M|.e=i, v&Eq 



and the claim follows. □ 

Lemma 4.2 ((PS) C condition). Every (PS) C sequence (n n ) ng N in Eg contains a conver- 
gent subsequence if one of the following conditions is satisfied 

D G ,2 (R N ) is compactly embedded in L p (R N ,h + ); (4.2) 
D l,2 (R N ) is continuously embedded in L P (M. N ,h + ) and 

(4.3) 



c < 



co := f - - - J inf { \G X \(S%+)^ \ . 

\2 pj xGR"U{oo} l' ^ h+> J 



Proof. Let {u n ) n ^n be a sequence in Eq such that I{u n ) — ► c and l'(u n ) — ► in E^. Because 



|b g = ||Vit n ||2 + \\(h y^UnWp we have 

1 1, 

P' 



c + o(l) (||Vu n || 2 + || (/i-) 1/p n n || p ) = I{u n ) - (l/p)l'(u n )u n = (~ - -)||V« n |||. (4.4) 



Suppose ||Vn n ||2 — > oo. Then equation (44) implies ||(/i ) 1//p u n || p > || Vt/n ||| for large n. 
Hence 

c + 1 >/M > \\Wu n \\ 2 2 + -\\Vu n \\l P -C\\Vu n f 2 
I p 

for large n, which is impossible. Thus (u n )neN is bounded in Eg- Passing to a subsequence 
we may assume u n — 1 it in E^. 
Suppose for a moment there holds 

u n -> u in ^(R^, /i + ) as n -> oo. (4.5) 

The fact that ii n converges weakly to u in E(j, D 1,2 (R N ) and E P (R , /i~) implies l'(u) = 0. 
Calculating 

0= Ymx{l'{u n )-l'{u)){u n -u) 



lim i 



y \Vu n — Vu\ 2 — J h + (\u n \ p 2 u n — \u\ p 2 u){u n — u) 
+ / h~ (\u n \ p ~ 2 u n - \u\ p ~ 2 u){u n - u) ) 



>0 

> 



lim ( / |V-u n — Vu\ 2 — / h + (\u n \ p 2 u n — \u\ p 2 u)(u n — u)) 

n-»oo J J 

= lim / |Vn n - Vn| 2 + o(l) n ^oo 

n^oo J 

we see u n — > u in Z? 1 ' 2 (M Ar ). Finally we have 

= lim I 1 (u n )u n — I 1 \u)u = lim / h~\u n \ p — \ h~\u\ p 

n~^oo n— >oo J J 
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and the uniform convexity of LP implies u n — ► u in Eg- 

What is left is to show ( f4.5| ), which immediately follows under assumption (|4.2|), Thus the 

proof is completed by showing that ([Of ) holds under assumption (4.3). 

By Lemma [O] there exist G-symmetric measures and v satisfying (1) — (4) of Lemma 3.1 

and 

ir-j 1 2 n— +oo m n— >oo 
|V« n | ► A* ; |«n| > ^ 

Let Xfc be an atom of za We take <p € C 1 (M Ar ) such that 

<P-XBi(p) = h <P ■ (1 - Xb 2 (0)) = 0, |V<^|<2 

j . Lemma ^T] implies I (u n )<p e u n — > 0. Hence 

J |Vu n |Ve + J X7u n V(p e u + J h~\u n \ q (p E - J fo + |u n |V e n — ^O. 
This leads to the following estimate 

/ip e dfj, — / (/? e czV < limsup / | Vu n | |u n | |V^ e | 

,2, ,2 XV2 

< C limsup / |u n | \V<p e 



c(^J |u| 2 |V^| 2 ) 



1/2 

\ 1 / N 
I AT \ 



< Ch • XB 2e (x k )h* / |Vy>, 
\JB 2e (x k ) 



< const 

< o(l) e _*. 

Thus ^ > ^fc and Lemma [O] (3) implies: 

v 3 >(S x h i)^. (4.6) 
Take ip R € C 1 (R Ar ) G-symmetric such that 

tp R {x) = 1, V|x| > i? + 1 ^ fl (x) = 0, V|zj < i? < tp{x) < 1. 

Then 

= lim l'(u n )<p R u n 

n— >oo 

> limsup ^ \Vu n \ 2 ip R - J \Vu n \\u n \\Vip R \ - J h + \u n \ p ip R ^j . 
As before we see 

lim limsup / |V«„||n n ||V^ii| <C 1™ II" ■ Xr<\ x \<r+1 Ik* =0. 

_R^oo n _^oo J R^oo 

Hence Voo > /^oo and 

foo>(^)^. (4.7) 
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For every tp G C™(R N ) with < ip(x) < 1 there holds 

c = lim (/(«„) - -I'(u n )u n J = (---) lim / |Vn n | 2 

n— >oo ^ p J \2 p J n— >oo J 

> ( 1 _ 1 ) i im / |Vu n | 2 ^ (4.8) 

Suppose Xfc is an atom of ia For each g £ G, due to the G-symmetry, gxk is an atom of v 
with the same mass. The G-symmetry of h leads to Sfi = £^+ fc for all g € G. Choose a ^ 



as above with tp(gxk) = 1 for all g G G. Then (|4.6|) and (|4.8|) imply 



which is impossible. Hence J = 0. If we use in the estimate (4.8), we see with the help 
of 

c>(i-i)(S S )^ 

and get = 0. Consequently Lemma [O] (4) and the uniform convexity of LP implies 

u n — > u in L?(M. N , h + ) asm oo. 

□ 

Existence of positive solutions. We use the mountain pass Lemma of Ambrosetti and 
Rabinowitz || and get 



negative weak solution. 



Theorem 4.3. If D^ 2 (R N ) L p (M Ar ,/i + ) is compact, then ( flj^ /ias a nontrivial, non- 



Theorem 4.4. Suppose D 1,2 (M. N ) is continuously embedded in L P (R N , h + ) and there is an 
u G Eg such that 

/h\u\ p > and max Iitu) < en. 
0<i<oo 

Then is solvable. 

Proof of Theorems J^.h and 4-4- Dq 2 (R n ) is continuously embedded in L P (R N , h + ). Con- 
sequently 

U u ) = -\\Vug + - I ' hr\u\ p -- [ h + \u\ p > -Wu\\l + - [ h-\u\ p - C||V«||£. (4.9) 
2 pj pj 2 pj 



Hence 



c := inf max Ii^tt)) > 0, 
7ert e [o,i] 



where r := {7 G C([0, 1],E G ) I 7(0) = 0, J( 7 (l)) < 0}. 

The mountain pass theorem leads to a (PS) C sequence. If c < Co or ( f4,2[ ) holds, then we 
obtain a critical point no G Eq of / with the help of Lemma f4.2j . 

If c = Co, then the infimum is attained by the path 70 : t 1— ► ito^ f° r a suitable to- Let 
uq := tto^ with I(7o(t)) = max/(7o(i)). Then /'(no) =0, because otherwise 70 can be 
deformed to a path 71 with max/(7i(t)) < c contradicting the definition of c. 
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In both cases we obtain a critical point uq with I(uq) = c > 0. Because all the involved 
terms will not change their values, if we replace uq by |«o|, we have 

c = /(|uo|) = max/(i|-uo|) 
and may deduce as above to see, that |«o| is also a critical point of /. □ 

Corollary 4.5. Suppose D 1,2 {M. N ) is continuously embedded in L P (R N ,h + ). Then 
has a solution if 

3u£E G : J h\u\ p > 0, ||Vit|| 2 = 1, 

[h\u\P> sup \\G x \-*r (£% + )S\. (4.10) 
J xm N u{cx>} 1 J 



Remark 4.6. Let uq be a positive mountain pass solution found in Theorem 4.3. Thanks to 
the homogeneity of the nonlinear part of I it is easy to see that uq minimizes the functional 
I on its Nehari manifold, i.e. 

I(u Q ) = inf{/(«) | I'{u)u = 0, u ^ 0}. 

Existence of multiple solutions. I is an even functional, i.e. I(u) = I(—u). Conse- 
quently classical results leading to multiple critical points of symmetric functionals apply. 



We use a version of [19, Thm. 9.12] given in || 

Theorem 2 in J5|. Let E be an infinite dimensional Banach space and I € C 1 (E,M) an 
even functional satisfying (PS) C condition for each c and 1(0) = 0. Furthermore, 

(i) there exists a,p > such that I(u) > a for all \\u\\ = p; 

(ii) there exits an increasing sequence of sub spaces (-EVi)neN of E, with dimE^ = n, such 
that for every n one can find a constant R n > such that I(u) < for all u £ E n with 

Then I possesses a sequence of critical values (c n ) ng N tending to oo as n — » oo. 

Theorem 4.7. Suppose there exits a smooth G -symmetric domain ^ £1 C l w such that 
h(x) > for all x € Q and Dq 2 (M. n ) is compactly embedded in L P (W N , h + ). Then (4-1) has 
infinitely many G-symmetric solutions. 



Proof. We apply ||, Thm. 2] with E = Eg- From ( [4.9D we obtain (i). To see that (ii) holds 
we choose an increasing sequence (£' n ) ne N of subspaces of Dq (O) with dim£^ n = n. We 
may assume Dq 2 (Q) C Eq by extending the functions by outside S7. Since the dimension 
of each E n is finite, we conclude 



inf / h(x)\u\ p =: e(n) > 0, 



u£E n ,\\u\\=l 

which immediately implies (ii). By Lemma [4.2| the (PS) C condition holds for all c, which 
completes the proof. □ 

5. Examples 

It is known (see for instance [j?], |l2|) that for N > 3 and < 5 < 2 

( f \x\~ 5 \u\ p )p 

sup u 1 ' 1 ; = K(N, 5) < oo, (5.1) 

MGD 1 > 2 (RiV)\{0} ||V«||2 
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where p = p(N, 5) = — — K(N, 6) is attained by the function 
Thanks to the dilatation symmetry of the quotient in ( |5.1| ) the functions 



usA x ) '■= us{x/a) and v Sa :- 



||V«i : 



0-2 



also maximize (|5.1|) for all a > 0. 

Suppose A; G CQR^) is a continuous nonnegative function. Then we easily get for N > 3, 
< 5 < 2 and p = p(N, 5) 



S H-)\-\- s ~ < 



Furthermore, we have 



-2/p 



oo if 5 > and i/O, 

fc(:z)- 2 /P£C(iV,0)- 2 if 5 = 0, 
k k(0)~ 2 / p K(N, 5)~ 2 if 5 > and x = 0. 



-2/p 



(5.2) 



limsupA:(x) K(N,5y 2 < S^u-a < ( Hminf jfe(a) ) if(iV, o")~ 2 . (5.3) 

|a;|->oo / 



Corollary 5.1. Suppose h G L[ oc , / %| p > /or some u £ C™(R N ). Then ( fOj ) /ias 
solution if one of the following conditions holds 



2<p<2*, h + <Y,»if( 



x - Pi)\X - Pi\ 



"~2 1 P- N , where j>; G R^, a; G R, 



V led <oo and f e L°°(R N ) such that f(x) |a| ~ >0 °) 0. 



(5.4) 



x^Q 



p > 2* , h is radially symmetric and satisfies (TT 



(5.5) 

Proof. ( |5.5| ) implies /^'^(R^) is compactly embedded in L P (R N , h + ) (see for instance |2C| , 
Lem. 6]). 

Denote by fi(x) the function fi(x) := f(x— pi)\x— pi\~ ~ p ~ N . By Corollary 2.2 the inclusion 
of D 1,2 (R Ar ) in L P (R N , /j) is compact for all i£N. Hence we may estimate 



sup p^ 1 N ^ p 



0<p<5 



(1-2 

SUp p K 2 



/ J>i/i< sup p^ 1 "^ /* / x (j^loil) =o(l)^o, 

■ / flp(*) i6 N XGM^ JB p {x) ViGN / 

0<p<5 



0<p B p (x)\B R {0) 



/ E - f 

\\ D ,n-> «eN X , 



SUP 2 

0<p 



E 



V 



/, - B p (x) 



B„(a!)\B«(0) i<k J 



< o(l)fe_»oo + o(1)r^oo. 



Thus (U) implies L» 1 ' 2 (R Ar ) is compactly embedded in L P (R N , h + ). 
In both cases Theorem [4.3| yields the existence of a solution. 



□ 



Pohozaev's identity adapted to (4.1) leads to 
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Lemma 5.2. Suppose 2 < p and h(x) = k(x)\x\~ s for some k G C 1 (M. N ), where 5 = 
N—%(N—2). Then every solution u G C 2 (fik. N ) of (4-1), such that the function < V/c(x),x > 
\x\- s \u(x)\P G L 1 (M W ), satisfies 

J < Vfc(x),x > \x\~ 5 \u\ p = 0. (5.6) 

Proof. Suppose u G D^ 2 (R N ) n ^(|/i|) D C 2 (M W ) solves Q. Because 

< V/i(x), x >=< V£;(x), x > |x|~ 5 - 5/i(x) (5.7) 
we have |< V/i(x),x >| |ii| p G L 1 (M Ar ). We use a version of Pohozaev's identity [18| given 



in |1|, Thm. 29.4] and to derive 

N-2 f, ., A /• 1 



/ |Vn| 2 = — / /i(x)|d p + - f < V/i(x),x > |d p 

N-2 f If [ j 

= y /i(x)|u| p + - y < Vfe(x), x > 

The fact that I'{u)u = and O) give the identity (pT6|). □ 



Corollary 5.3. Consider the equation 

-Au = (l + \x\)- s \u\ p - 2 u, 0^uED 1 ' 2 (R N )nL p (R N ,(l + \x\)~ s ). (5.9) 
(i) (HJ; /ias no solution u G C 2 (M 7V ) if2<p<2* and 5 < N - f(iV - 2) 

2 



(ii) ( O ) /ias infinitely many C 2 (R N ) -solutions if 2 < p < 2* and 5 > N - |(iV - 2). Ai 



Zeast one solution is strictly positive in 



Proof. From 2 < p < 2*, 5 > 5 := N - § (N - 2) and Corollary ^lj we conclude that (|5.9p 
possesses a nontrivial weak solution u. Due to Harnack's inequality and standard regularity 



results (see |^2|, C.3]) u is a strictly positive C 2 (M Ar )-function. In addition by Theorem [47? 
there are infinitely many solutions of ( |5.9| ). 

Considering k(x) := (1 + it is easy to check that Lemma p.2| yields the desired 

nonexistence result. □ 

Solutions of ( |L~l| ) may be obtained in a non-compact setting if it is possible to find appro- 
priate test functions to ensure that the mountain pass value c is below the compactness 
threshold cq, i.e. we have to find a function u G Eq that satisfies fl4.10| ). 

Remark 5.4. Suppose 2 < p < 2* and h G Lj oc is G-symmetric such that 

h+(x) = k(x)\x\- 5 , 

where k G C(R N ) and 6 = N - -(N - 2). With the notation 

-2 . 



k c := max( sup {k(x)\G x \ 2 } ; limsup k(x)) 

x£R N \x\-kx> 



we have 



ixl ' s v p r 



sup {\G x \- P -^(S* + )-l} < k c K(N,5) p = kj 

Thus ( 4. ICQ holds if we have for some a > 

h(x)v p Sa > 0, / (/i(x) - k c \x\- s )v p 5a > 0. (5.10) 
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Under the assumptions of Remark |5.4| the space Dq 2 (R n ) is not compactly embedded in 



L P (M , h + ) if k(0) > or liminf^i^oo k(x) > 0. Corollaries |5.5| and 5J3 below yield some 
sufficient conditions for the existence of solutions to ( |1.1| ) in the non-compact case. We 
leave it to the reader to verify with the help of ( 5.10| ) that the proofs given in [||, Cor. 1,2] 
carry over to our situation. 



Corollary 5.5. Assuming the hypotheses of Remark \5.A and 

fc(0) > J Umsup l*H°° fc ( x ) if2<p<2*, 
1 maxllimsupi^i^oo A;(x), supjjgjjjv \G X \ ~k(x)} if p = 2* 

1[ ) has a solution if one of the following conditions is satisfied 

h^O, h{x) > k(0)\x\~ 5 for all x £ M 7V \{0}; 



3e,r > 



|x|>r 



h-\x\ 2{6 - N) < oo, k(x) > k{0) + e\x\ N ~ s Vx € 5 r (0); 



h(x) - k(0)\x\- s \x\ 2is ~ N) < oo and / (h(x) - k(0)\x\- 5 )\x\ 2{S ~ N) > 0. 



lim k{x) =: fe(oo) > 



Corollary 5.6. Assuming the hypotheses of Remark 5^4 and 

'fc(O) if2<p<2*, 

p-2 

v sup a . 6R w{|G ! :i; | 2 k(x)} ifp = 2* 
has a solution if one of the following conditions is satisfied 

3e,R>0: [ hT < oo, k(x) > k(oo) + e\x\~ N+s Vx € R n \Br(0); 
J\x\<R 

(oo)|x| ) > 0. 
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